SYMPLECTIC STRUCTURE ON A MODULI SPACE OF SHEAVES ON 

THE CUBIC FOURFOLD 

D. MARKUSHEVICH AND A. S. TIKHOMIROV 

Abstract. A 10-dimensional symplectic moduli space of torsion sheaves on the cubic 4- fold 

- - - , is constructed. It parametrizes the stable rank 2 vector bundles on the hypeplane sections of 

pLj • the cubic 4-fold which are obtained by Serre's construction from normal elliptic quintics. The 

Qv I natural projection to the dual projective 5-space parametrizing the hyperplane sections is a 

Lagrangian fibration. The symplectic structure is closely related (and conjecturally, is equal) 

to the quasi-symplectic one, induced by the Yoneda pairing on the moduli space. 

Q 

O 

Introduction 



> 



o 
o 



O I Mukai constructed in ||Muk|] an example of a symplectic moduli space of torsion sheaves on a 



-<^ ■ K3 surface S, whose supports run over a complete linear system on S. This moduli space is 

r^ . identic to the relative compactified Jacobian of the linear system, and the fibers, that is the 

^ [ Jacobians of the individual curves, are Lagrangian subvarieties with respect to the symplectic 

structure. 



We searched for an analogous situation with the relative intermediate Jacobian of a family 

of higher dimensional varieties in place of the usual Jacobian of a family of curves. Thus, 

the corresponding torsion sheaves should be with supports of dimension at least 3, and their 

^O ■ restrictions to the supports should be of rank > 1. We found a 10-dimensional component of the 



moduli space of stable sheaves whose supports are hyperplane sections of a 4-dimensional cubic 
in P^ with desired properties. This is a new example of a moduli space of sheaves possessing 
0> ■ a symplectic structure; the known ones parametrize sheaves on manifolds with holomorphic 

^ . 2-forms (see [[Muk|| for K3 or abelien surfaces, [Q for hyperkaehler varieties, |[Tyu|| for surfaces 

s 



with pg > 0), and the symplecitc structure comes essentially from the 2-form on the base. In 
our example, the base is very far from having holomorphic 2-forms: it is a Fano variety. 

The fiber of our variety, parametrizing sheaves with a fixed support (a cubic 3- fold), was 



constructed in our previous paper ||Ma-Ti|| . We studied there the Abel-Jacobi map of the 
/\ • family of elliptic quintics lying on a general cubic threefold X. We proved that it factors 



> 

j^ ■ through a 5-dimensional moduli component Mx of stable rank 2 vector bundles ^ on X with 

Chern numbers Ci = 0, C2 = 2, whose general point represents a vector bundle obtained by 
Serre's construction from an elliptic quintic C <Z X. The elliptic quintics mapped to a point 
of the moduli space vary in a 5-dimensional projective space inside the Hilbert scheme Hilbjj^, 
and the map ^ from the moduli space to the intermediate Jacobian J{X) is etale on the open 
set representing (smooth) elliptic quintics which are not contained in a hyperplane. This map 
is uniquely determined by the choice of a reference quintic in X. In fact, the elliptic quintics 
represent C2{S{1)), so one can interprete "^ as C2 with values in algebraic cycles modulo rational 
equivalence, composed with the Abel-Jacobi map on cycles. 

In the present paper, we relativize this construction over the family of nonsingular hyperplane 
sections of a cubic fourfold Y. This gives a 10-dimensional moduli component 97ly of torsion 
sheaves on Y with supports on the hypeplane sections X = H (lY, whose restrictions to X are 
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rank two vector bundles from Mx- We show that the Yoneda pairing induces a quasi-symplectic 
structure on it, that is a holomorphic nondegenerate 2- form which is not necessarily closed, and 
that the natural projection p : DJl — ^P^ is a Lagrangian fibration, where P^ is the base of the 
family of hyperplanes in P^. This means that the fibers Mx, parametrizing sheaves with fixed 
support X, are Lagrangian submanifolds of 971. 

We study also the relation of the Yoneda quasi-symplectic structure to the symplectic one con- 
structed by Donagi-Markman | p-lVl| , Example 8.22] on Jy. It satisfies a similar property: the 
fibers J{Y fl H) are Lagrangian. In general, there is no map between the two 10-dimensional 
varieties, so we cannot hope that one quasi-symplectic structure is induced by the other. Nev- 
ertheless, the map from OJly to Jy exists locally over P^ in the classical (or etale) topology, 
and we prove that these local maps respect the symplectic structures up to the addition of a 
2-form which is a local section oi p*Qpg. 

According to |[ll-Ma |, the degree of the above map \E' is 1, so Mx can be identified with an open 
subset of J^(X), and WIy with that of some torsor under the relative intermediate Jacobian 
Jy of the family of nonsingular hyperplane sections of Y. 

Unfortunately, we do not see any reasonable approach to the proof of the closedness of the 
Yoneda quasi-symplectic structure. Remark, that Tyurin and Mukai did not prove the closed- 
ness of their 2-forms. Finally it turned out that their 2-forms are closed | |0'G| , | |Bot| , [ [Hu-Le| ] , 
but the method for proving this in the cited papers reduces essentially the question to the 
closedness of the representatives for the Atiyah class of a coherent sheaf. Our quasi-symplectic 
structure does not involve components of the Atiyah class, so this method does not work. Nev- 
ertheless, we prove the existence of a symplectic structure on DJly which is in the same relation 
to that of Donagi-Markman: the above local maps between DJIy to Jy respect the symplectic 
structures up to the addition of a 2-form which is a local section oi p*fl'^^. We define it in fact 
on the torsor, containing OJly. 

Now, we will briefly describe the contents of the paper by sections. 

In Section 1, we obtain the preparatory information on the cohomology and the Ext groups of 
the sheaves from DJly- The calculations use the local-to-global spectral sequence for Ext's and 
the projective geometry of elliptic quintics. 

In Section 2, we prove that the Yoneda pairing Ext^{S,S) x Ext-^^SjS) > Ext'^{£,S) ~ C 

for £ E Vyiy is skew-symmetric and non-degenerate. We show that the complex lines Ext^(£^, £) 
for different £^s fit together into the trivial line bundle over Dyty Hence the Yoneda coupling 
defines a genuine 2-form A^y on DJly, which is the wanted quasi-symplectic structure. 

In Section 3, we describe the symplectic structure Ajy of Donagi-Markman on Jy. It is 
determined by the one on the Fano 4- fold Z oi Y, parametrizing lines I G Y. The existence 
and the uniqueness of the latter was proved by Beauville-Donagi [ |B-D| j , but they did not give 
any construction of it. Section 4 provides an explicit construction of the symplectic structure 
of Beauville-Donagi on Z. The idea is to mimic the proof of the Tangent Bundle Theorem for 
the Fano surface of a cubic 3-fold. Essentially, this proof is the calculation of the differential of 
the Abel-Jacobi map of lines via the Clemens- Griffiths- Welters diagram (see Sect. 2 in | ]We| | ) 
for the triple / C X C P^. We adapt it to the triple I gY G P^, and it gives (after an obvious 
relativization) a tensor field Az '■ TZ ^ Qz- The Bochner principle sais that the global 
holomorphic tensor fields on Z are generated by the Beauville-Donagi form, so Az has to be 
proportional to it. 

In Section 5, we compare the quasi-symplectic structures on Wly and on Jy. These two mani- 
folds are fibered over the same base U G F^ parametrizing the nonsingular hyperplane sections 
of Y, have Lagrangian fibers, and the fibers are related by the etale map of [[Ma-Ti|| . So we can 
identify pointwise the tangent spaces of two respective fibers, as well as their normal spaces, 
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which are identified with the tangent space to U. The first thing to notice is that the two 
quasi-symplectic structures define the same pairing between the tangent and the normal space 
of the fiber. This gives a pointwise identification of two quasi-symplectic structures. Next, we 
consider a local (in the classical topology) fiberwise map "^u '■ '^y -^ Jy, which is the Abel- 
Jacobi map determined by a family of reference elliptic quintics in the hyperplane sections of 
Y over a small disk lA <ZU . We show that Agjty, Aj^ differ by a section of p*r2^. In conclusion, 
we show that the Yoneda quasi-symplectic structure can be replaced by a symplectic structure 
with the same relation to Aj^ and discuss the extensions to the bigger open set U parametrizing 
hypeplane sections with at most one nondegenerate double point as singularity. 

Acknowledgements. The first author acknowledges with pleasure the hospitality of the ICTP 
at Trieste and of the MPIM at Bonn, where he made a part of the work on the paper. 

1. Computing Ext's 

Let y G P^ be a nonsingular cubic fourfold, and X = F flP^ its general hyperplane section. Let 
£ be the vector bundle obtained from a projectively normal elliptic quintic curve C C X C P^ 
by Serre's construction: 

0-^Ox^^(l)^Xc(2)^0 , (1) 

where Xc = 1c ^x is the ideal sheaf of C in X. Since the class of C modulo algebraic equivalence 
is 5Z, where I is the class of a line, the sequence (|l|) imphes that ci{£) = 0, C2{£) = 21. Moreover, 
det£^ is trivial, and hence £ is self-dual as soon as it is a vector bundle (that is, £* c^ £). See 



Ma-Ti| , Sect. 2] for further details on this construction. 
Here, we will consider £^ as a torsion sheaf on Y, supported on X. 

Lemma 1.1. We have 

( £^£ifq = 0, 
£xtl^{£,£)=l £^£{l)iiq = l, 
[^ otherwise. 

Proof. Choose a local trivialization of £ : 

£\u-{Ox®Ox)\u- 

This reduces the problem to the computaion of £xt'^^^{Ox, Ox)- In using the resolution 

0^Oy{-1)-^Oy-^Ox-^0, 

we arrive at the conclusion that £xt'^^ {Ox, Ox) = Ox for q = 0, Mx/y — C^x(l) for Q = ^, and 
for g > 2. Taking into accout the functorial behavior of the last isomorphism with respect to 
the choice of bases in Ox, we obtain the wanted formulas with £* ® £ instead oi £ ® £, which 
is the same by self-duality. D 

Lemma 1.2. The following assertions are true: 

r 1 if g = 0, 

(i) hP{£ (S>£) = dim Ext^(£ ^£)= < 5 if g = 1, 

I otherwise. 

(i%) /i°(^(l)) = 6 and h'{£{l)) = fori>0. 

(m) Fork>l, h^{Ic{k)) = (^+^) - (^+'^) - 5k, and h\Xc{k)) = Oifi>0. 

(iv) h\£{j)) = for all ieZ,j =0, -1, -2. 



Proof, (i), (ii) follow from [[Ma-Ti| , Lemma 2.1, c); Lemma 2.7, b)]. (iii) is verified for fc > 2 in 
the proof of Lemma 2.1, loc. cit. and is obviously extended to fc = 1 by considering the exact 
triple 

0^Xcik)^Oxik)^Ocik)^0 (2) 

with k = 1. C is not contained in a hyperplane by projective normality, so /i°(Xc(l)) = 0. 
As /i*(Ox(l)) = h\Oc{l)) equals 5 for i = and is zero for all i > 0, we obtain the wanted 
assertion. 



(iv) for j = 1 is nothing but ||Ma-Ti| , Lemma 2.7, a)]. By Serre duality (on X), it remains to 
verify (iv) only for j = 0. This follows from (iii) with k = 1, the exact sequence (|I]), twisted by 
Cx(-l), and from H\Ox{-l)) = for i > 0. D 

Corollary 1.3. The local-to- global spectral sequence 

degenerates in its second term: E'2^ = E^. Hence Exty(£^,£^) = C, that is, E is simple, 
Exty(£,£) fits into the exact sequence 

— >H\S ® S) — >Extl-{S, 8) — ^H\S ® ^(1)) — ^0, 

and Ext^(£, £) = H^'-^S O ^(1)) forn>2. 



Proof. This follows immediately from Lemma |1.1| and (i) of Lemma |T]2 



D 



Lemma 1.4. The following assertions hold: 

(i) H\£ ®£) = H\£® Ic{l)) and H\£ ® £{l)) = H\£ ® Jc(2)) for all i e Z. 

(11) H\£ £{1)) = fori = 2, 3, and xi£ ® ^(1)) = h^i£ ® ^(1)) ~ h\£ £{1)) 



4. 



Proof. The first isomorphism is proved in [ [Vla-'l'i 
sequences 

— >£ — >£ £{1) — >Xc 



For the second one, look at the exact 



.£(2)- 



£{2) — 
£{2)®Oc- 



■0, 



>0, 



(3) 
(4) 



— >lc®£{2)- 

obtained by tensoring (P,(|D with £. 

The assertion (i) follows from (^ and Lemma |1.2| , (iv). 

The assertions (ii) and (iv) of Lemma |1.2| give sufficiently many values of x{^{k))i which is a 
cubic polynomial in k by Riemann-Roch-Hirzebruch, that one can deduce that x{£{k)) = k{k + 
l)(A; + 2). Thus, x(^(2)) = 24. We have also deg £{2)^Oc = 20, hence x(^(2)®Oc) = 20, and 
this allows to determine the remaining Euler numbers from (^,(^), thus proving x{£®£{^)) = 4. 

Now, use again (|) to show that H\£®Tc{2)) = for z = 2, 3. First, show that H^{£{2)®Oc) = 
0. By (g), £{l)\c - Mc/x- Hence H\£{2) ® Oc) = H\Mc/x{l)) = H\J\f*c,x{-^)Y = 
H^{Nc/x{—^))* (we used the fact that A/c/x(~l) is self-dual). Consider the natural inclusion 



Arc/x(-2) C A/'c/p4(-2) and apply g^. Proposition V.2.1] : H'^{N^/^i{2) ® M) = Q for any 
invertible M of degree 0. By Serre duality, H^{Nc/^i{-2)) = 0. Hence H°{Afc/x{-2)) = 0, 
and all the more H°{^fc/x{-^)) = 0. Hence H\^fc/x{l)) = 0. 

Next, H'^{£{2)) = for z > by the same argument as the one applied in the proof of (ii) of 
Lemma |1.2| . Now (^) gives the wanted assertion. D 

Lemma 1.5. We have, /i°(X^(3)) = 0, h^{£{2)(^Xc) = 1 and hence h%£{2)0lc) = 5. 
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Proof. As in the proof of Lemma VI. 3.1 in [|Hu|| , we have the exact sequence 



0^^^iJ°(Jc/p4(2)) ® Oc ^^ Ar^/p4(2)-^0 



(5) 



where J-' = ker a is a rank two vector bundle with det JF = Oc{—^) and h^{J^) = 0. It is either 
the direct sum of two line bundles JF = J\Ai © A^2 with degM, > —5, or fits into the non-split 
exact sequence 

— >Oci-3o) O M — >T — >Oci-2o) ® M — ^0, 

where A^ is a theta characteristic on C, and a a point of C such that Cc(l) — Cc(5o). This 
implies that /i^(jF(l)) = 0. By (||), the map 

is surjective. This map factors obviously through H^{Ic/pt{3)), hence the map 



is also surjectve. By Riemann-Roch, /i°(JF(l)) = 5, and by (g), h^{^f*yp^{3)) = 25 - 5 = 20, 
and h^{Af^,p4{3)) = 0. By ||Ma-Ti| , Lemma 4.2], /i°(Xc/p4(3)) = 20, hence, the exact sequence 



— ^Xc/p-* (3) — ^^c/p4 (3) — ^-f^c/fi (3) — >0 



c/p4> 



yields /i°(2^,p4(3)) = 0. By projective normality of C, h^{lc/pi{S)) = 0, hence h^(2^,p4,{3)) = 0. 
Consider the following commutative diagram with exact rows and columns: 







a 



o, 



c 







> Ic/pi ^ ^c/P''(3) 







^c/x(3) ^ 



2^c/p4(3) > Xc/x(3) 



Ar^/P4(3) . Ar^/^(3) 



(6) 



The left column gives /i^(Xc/p4) = 0, and the first row h^(X^,-^{3)) = h^(2c/F^) = 0. The 
lower row gives h'^{Af*/x{3)) = 20, h\Af*/j^{3)) = 0. The middle row gives /i°(Xc/x(3)) = 19, 
h^ilc/xi'i)) = 0, which implies also h^{I'^,-^{3)) = 1. 



Now, look at another commutative diagram in which all the triples are exact: 





Oxil) 



Oxil) 



£{2) ® Ic 



£{2) 



Mc 



c/x\ 



:JB(3) 



^c(3) 



A/'c/xlS) 



-^ 



(7) 





From the middle row, we see that /i is surjective on global sections. We can think of elements 
of H^{£{2) ®Xc) as of sections from H^{£{2)) vanishing on C. Thus, a section s G H^{£{2)) is 
ini70(£(2)®Xc) if and only if /i(s) G i7°(j2/^(3)). Hence i7°(£(2) ® Jc) = ii-\H^{lli^(?>))) 
and 

h^{£{2) ®lc) = h^illjxi'i))) + dimker/x = 5, 
and h^{£{2) ®Xc) = l by Lemma [r|, (ii). D 



Corollary 1.6. dimExt^(f ,^) = 10, dimExt^(^,f ) = 1, Ext'y(^,^) = /or z > 2. 
Proof. Corollary |1 .31 and the last lemma imply the result. 

2. QUASI-SYMPLECTIC STRUCTURE ON SOTy 



D 



Let y be a nonsingular cubic fourfold. The notation X will be used for any of the nonsingular 
hyperplane sections of Y . Denote by M. the union of components of the moduli space of simple 
sheaves on Y containing the classes [£] of the sheaves £ defined by (|I|). According to ||Ma-Ti|] , 
the family of elliptic normal quintics in a general cubic threefold is irreducible, so M. will be 
irreducible in the case if Y is general. Let 9Jl C A^ be the subset of classes of sheaves £ defined 
by (|1|) for all projectively normal elliptic quintics C lying in all nonsingular hyperplane sections 

of y. 

Proposition 2.1. (i) 971 is an open subset of M. contained in the smooth locus of the moduli 
space of simple sheaves. 

(ii) For all i,p,q, the groups Exty(£^,£^), H^(Y,£xt'^^ {£,£)) for different £ fit into vector 
bundles T*, resp. T^''^ on 971. That is, there exist such vector bundles T*, T^"'' on OJl that 
for every £ with e = [£] & 971, there are canonical isomorphisms T* (g> C(e) = Exty(£^,£^), 
TP'*? ® C(e) = HP{Y,£xt%^{£,£)). There is a natural including r*'° C T\ 

T^ is canonically isomorphic to the tangent bundle ofOJl, and ikT^ = dim 971 = 10, rkT^ = 1. 

(Hi) The Yoneda coupling 

Ext{.{£,£) X Exti.{£,£)—^Ext^\£,£) 

defines a skew- symmetric bilinear form 

A : r^ X T^ — ^T\ (8) 

and T^'° is isotropic with respect to A. 
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Proof, (i) For the smoothness, remark that dim 071 < 10 = dim Exty (£,£), and there is an 
equahty if and only if A4 is smooth at [£]. But it is indeed an equahty, because DJl contains 
exphcitly a 10-dimensional family of pairwise non-isomorphic sheaves: we have 5 parameters 
specifying the support X of the sheaf, and the moduli space Mx with fixed support X is 
smooth of dimension 5 by ||Ma-Ti|| . The openness of OJl in the moduli space of sheaves on Y 
follows exactly as in loc. cit.. Corollary 5.5 in using an appropriate relativization of Serre's 
construction. 

The existence of the sheaves T' in (ii) and of the bilinear form in (iii) follow from Proposition 
2.2 of ||Muk|] and from Theorem 1.21, (4) of ||Sini|| . The existence of the T^''^ is obtained 



by an obvious modification of the arguments of ||Muk|| . The skew symmetry follows from the 
smoothness: the Yoneda square zoz of an element z G Exty (£^, £) is exactly the first obstruction 
map Exty(£^,£^) — > Exty(£^,£^), and it is zero by smoothness of A^ at S. 

By general properties of spectral sequences of composite functors with a ring structure, the 
Yoneda coupling induces on the bi-graded object E2'' a natural ring structure 

The isotropy of H\S ® S) follows from the fact that H^{S®S) =0 (Lemma |r|, (i)). D 

In order to get a quasi-symplectic structure, we have to verify that A is non-degenerate, and 
that T^ is a trivial line bundle. 

By the isotropy of H^{£ ® £), the non-degeneracy of the coupling Exty(£^,£^) x 
Exty(£^,£^) — >ExtY(£,£) is equivalent to that of 

H\£ ®£)x H\£ ® ^(1)) — >H\£ ® ^(1)) (9) 

Now, in using the isomorphism A'^£ ^ Ox, we can identify H'^{£ ® ^(1)) with H^{A^£{1)) = 
H^{Oxi^)) ^^^ ^^^ natural map £^£ — >A'^£. The fact that the resulting map is an isomorphism 
follows from the factorisation 

H\£ ® £{1)) = H\Xc ® ^(2)) = H\Ox{l)), 

coming from (|^) and from the upper row of (|^). 

Lemma 2.2. The coupling ^ is identified via the above isomorphism with the coupling of 
plain multiplication of elements of H^{£ ® £) by linear forms: 

H\£ 0£)x H\Ox{l))^H\£ £{!)). (10) 

Proof. To see that these are indeed the same, we will express both of them in a local basis of 
£. The latter is just the multiplication of coefficients: 

(2J ^^J*^* ®ej,l) i-> 2_j ^^ij'^i ® ^i • 

For the former, notice that £ ® £ contains the trivial subbundle K^£ as a direct summand. By 
the above considerations, H^{£ ®£{1)) = H^{A'^£{1)). Hence every section from H^{£ ^£{1)) 
can be written locally as /(e2®ei — ei (8)62). The self-duality oi £ being given by a trivialization 
of A'^£, we can assume that 62 A ei = 62 (S> ei — ei ® 62 is the trivializing section, and then the 
dual basis of (cj) = (61,62) is ((— l)-'6j) = (62, —61), where j = 3 — j. Hence the contraction of 
middle terms 

/ 7 r N (32 A 61 , 

[ai (g) 02, Oi ® 02) 1-^ ai ® 02 

62 A 61 

giving the Yoneda coupling is the identity 6j Cj 1-^ 6j ® Cj on the basic sections. This implies 

that the Yoneda coupling is given by multiplication of coefficients, {aij, I) ^—>- laij. D 

Proposition 2.3. The coupling ( |7^ j is non- degenerate. 
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Proof. We are to verify, that for any linear form / G H^{Ox{^)), the map 

■/ : H\S ® S) — >H\S ® ^(1))(~ C) 

is surjective. By Lemma 1.4, the last map is identified with 

■/ : H\lc ® £{l))^H\Jc ® ^(2)). 



Using (|g), as it is and twisted by 0(— 1), and Lemma [L^, (i), we can continue the sequence of 
identifications: 



H\Ic^£il)) 



H\Xc®S{2)) 



^'(^c/x(2)) 



-c/x'^ 



H\^/x 



(3)) 



H\lc/A-^)) 



H {1c /A 



HHOci-1)) 



;ii) 



H\0, 



c) 



Only the isomorphisms involving l^ix are not obvious. Those involving H^{X^,j^{3)) are estab- 
lished in the proof of Lemma 1.5. We will verify now the isomorphisms involving H^{X^,j^{2)). 
To this end, write down the diagram (|^) twisted by C(— 1): 







In/pi( — l] 







Op4-i] 



Oc{-l) 







-^ X^yp4(2) 



Jc/p4(2) 



■^c/F-^y'^) 











^c/x(2) > 



Xc/x(2) 



A^c/x(2) 







(12) 



-* 



The left column yields for the vector (/i*(Xc/p4(— 1))) the values 
(0,0,5,0,...). Similarly the left column of (|) gives {h'{Ic/w42))) 

(5,0,0,...). Now, the middle row of (^ gives {h'{Ic/xi2))) = (5,0, 

0,...). Further, Afc/xC^) - ^c/x, and by ||Ma-'L| Lemma 5.1, e)], (/i*(7V5/^(2))) = 
(10,0,0,...). We proved in the previous section that /i°(X^,j^(3)) = 0, and so much 
the more h'^(X^,-^{2)) = 0. Hence, from the last column of (|1^) we can deduce that 
(/z^(j2/^(2))) = (0,5,0,...). 

We see already that /i^(X(7/p4(— 1)) = /i^(X^,^(2)) = 5. Now, let us verify that the connecting 
homomorphism H^ — >H^ of the first row is indeed an isomorphism. Look at the second column 
of (|g). By [|H^, Proposition V.2.1], {h'{Af*^A2))) = (5,0,0,...). We saw in the previous 
section that /i°(X^,p4(3)) = 0, and so much the more /i°(X^,p4(2)) = 0. Hence (/i*(X^,p4(2))) = 
(0, 0, 0, ... ). Hence all the connecting homomorphisms of the first row are isomorphisms. 

Now, coming back to (0), we see that the vertical arrow on the right hand side is obviously 
surjective, and we are done. D 



Theorem 2.4. The line bundle T^ on 971 is trivial, hence the skew-symmetric pairing A defined 
in ^ is a well defined 2-form on VJl: 

A : Tm ^ fi^, AG H%nl^). (13) 

The fibers of the natural map p : dJt ^ P^, S ^< Supp(£^) >, are Lagrangian subvarieties with 
respect to A. 



Proof. By Proposition |2.1| , for any point e = [S] E 971, one has a canonical isomorphism 
T^ ® C(e) ~ Exty(£^,£^). It is enough to show that there is a canonical isomorphism 

^^ o / ^ ^N can 

a: Extl.{S,S) ~ C. (14) 

To this end, fix an equation /y = of the cubic Y in P^ and take any section h G if°((9y(l)) 
vanishing on X = Supp(£^); this section h defines an isomorphism (p^ : Cx(l) —^ A/x/y such 
that the substitution {h \—>- Xh) induces (ph ^-^ X^^cf)^. 

Next, by Lemma |1.1| there is a canonical isomorphism 

can 

£xt\j^{£,£)^£^ ®£®Ux/Y. (15) 

Now take a general section 7^ s G H^{£{1)) such that C = (s)o is a smooth projectively 
normal elliptic quintic. By computations of Section 1, 

h\det£0l^H{3)) = h\I^jj{3)) = O, i = l,2, (16) 

where H =< C >=< X > is the span of C, or of X, in P^. The section s defines an exact 
sequence 

O^Ox^£il)'^Tc,xi'2)0det£ ^0. (17) 

can 

Twisting it by £'^ and using the canonical isomorphism £^^ ® det£^ ^ £, we obtain the exact 
triple -^ £^^ -^ £^^ ® ^(1) -^ £ ® Xc/x(2) — » 0. Thus we have a composed isomorphism 



71 : Ext^(^,£) "^H\£xt' {£,£)) "^ H\£'' ® £ (^ Ux/y) 

Cor.h.3 



H\£''®£{l))^^^^H\£®IcA'^)) (18) 

which is proportional, by the above, to h and to s []. Next, similar to (|l^ we have a morphism 

£ ® Ic,x{2) ^ 2:2 X (3) ® det £ inducing a map H\£ ® Xc,x(2)) -^ H\ll,x{3) ® det ^) which 
gives, in composition with 71, the isomorphism 

72:Ext^(^,f)^iJ^(j5,,(3)®det^), 72 -(/i,^^). (19) 

The exact triples -^ Ic,h '^ 2^,^(3) ^ ^,xi^) -^ and ^ Ic,h ^ Oh ^ Oc ^ give 
together with ([T6|) and Serre duality on C a chain of canonical isomorphisms: 



H\l^xi^)(^det£) ~/f2^Tc,H®det£) ~ //^(det f ® Cc) ~ //°((detf )^ ® cjc)""- (20) 

Next, (ph '■ C^x(l) --* -A/x/y, 0^ ~ /i, composed with ip : Afc/x —^ £{^)\c, ip ^ s, and 
with the canonical isomorphisms uc — ojy ® -Afx/Y ® detAc/x, ^y — C'y(— 3), gives the 

^We denote this as follows: 71 ^ (ft., s). 



following isomorphisin: x '■ ^c ~^ detS\c, X ~ {h,s'^). Composing it with (|20|) , we obtain 
the isomorphism 



e : H\ll^{3) ® det^) Si H%{detSy ® 000^ ^ H%{det8\cy ® det^|c) ^ C, 

er^{h-\s-^). (21) 

Now, composing ( P^ and (PT]), we get the desired isomorphism a in (|n|) with a ~ (/i°,s°), 
that is a does not depend on the choice of scalar multiples of h and s. Thus, to show that 
a is a canonical isomorphism, it is enough to check that a does not depend on the choice 
of the point z = Cs G F{H^{S{1)). The last assertion is clear, since, by construction, a 
is defined for any point z G ¥{H'^{S{1)) 0, thus giving a morphism of trivial bundles a : 
Exty (£, £) ® Cp(HO(£:(i))— >C Cp{_H-o(£-(i))- We have a G iJ°((9p(/i'0(£'(i))), hence a is constant as 
a function on the projective 5-space F{H^{S{1)). 

The tangent distribution of the fibers of p is the vector bundle T^'°, and its isotropy was proved 



in Proposition p.l| . This implies that the fibers of p are Lagrangian. 

D 

3. Symplectic structure on Jy 

In this section, Y will denote a nonsingular cubic fourfold in P^, /i : J = Jy — yll the relative 
intermediate Jacobian of the family X — >U C P^ of nonsingular hyperplane sections over an 
open subset U in the dual projective space P^. X will denote any of the smooth hyperplane 
sections H (lY for H E U. X is the scheme of zeros of a section of On (3, 0) in the incidence 
divisor U = {{x, H) e ¥fj \ x e H}, where P^ = P^ x f/ c P^ x P^. We can fix this section, as 
well as the cubic form defining Y in ¥^, and consider all the isomorphisms depending only on 
these data as canonical ones. 



According to Donagi-Markman | p-M| , 8.22], J has a natural (up to a constant factor) symplectic 
structure aj G H^{J, f^j) for which /i is a Lagrangian fibration, that is the fibers Jx of h, the 
intermediate Jacobians of the hyperplane sections X = H (lY, are Lagrangian submanifolds 
of J. The idea is to recover the symplectic structure from the isomorphisms N'l/j — ^i that 
it defines for Lagrangian submanifolds L. For any symplectic structure a on J for which h 
is a Lagrangian fibration, the above isomorphisms for Lagrangian submanifolds L = Jx glue 
together to give an isomorphism of vector bundles a{a) : Tu — >h^Q^,jj. 

Conversely, let a G Hom(7(/, h^:Qj,jj) = H^{U, Vl\j ® h^Q}-^,^) be any isomorphism. The natural 
exact triple 

— >h*n]j — >Q}j — >n\/^ — ^0 (22) 

implies another one, obtained by taking A^: 

— >h*nl — >r — >h*n]j®n]iiu — ^0, (23) 

where JF c f2j is the vector subbundle of sections for which 7j/[/ is an isotropic distribution. 
Let 5 : H^{3, h*Vl\j ® ^jm) — *H^iJ, h*Vllj) be the connecting homomorphism defined by (|23|) . 
The following assertion is obvious: 



^In fact, for any z = Cs G f{H'^{£{\)), it follows from the stability and from the local freeness of £, that 
the scheme C — (s)o of zeros of s is a locally complete intersection of pure codimcnsion 2 in X, i.e. a curve, so 
that the map a : Exty(£,£) — > C is well defined. 
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Lemma 3.1. h*(T lifts to a section a G H^{3,J-') if and only if 5{h*a) = 0. a is determined up 
to the addition of a 2-form h* 13, where (3 G H^{U, fi^). The lift becomes unique, if one imposes 
the condition that the zero section O <Z B he a Lagrangian subvariety (that is, a\o = 0)- 

We will formulate the result of Donagi-Markman in a form, convenient to our purposes. Let Z 
be the "Fano scheme" of Y, that is the Hilbert scheme parametrizing all the lines in Y. It is 



a smooth projective irreducible 4-fold. Beauville-Donagi ||B-D|| proved that Z is an irreducible 
symplectic variety, deformation equivalent to the Fujiki-Beauville 4-fold S*'^! for a K3 surface 
S; let az be its symplectic structure, unique up to proportionality. Let n : F — >U be the 
relative Fano surface of X over U, that is the family of surfaces F{X) parametrizing the lines 
in the hyperplane sections X = H (lY with H E U. By Clemens-Griffiths [|Cl-Gr|| , 3/U is 
canonically isomorphic to the relative Albanese variety Alb(F/f/) and to Pic'^(F/?7). By Voisin 
0, the Fano surfaces F{X) are Lagrangian in Z and form an open set in the Hilbert scheme 



of Z. By Theorem 8.1 of | p-lVI|| , the relative Picard variety P = Pic(L/i?) of the universal 



family of Lagrangian subvarieties of a smooth projective symplectic variety V over an open 
set B C Hilb(V^) has also a symplectic structure for which P/B is a Lagrangian fibration. 
The application of this result to the family F/U yields a symplectic 10-fold Pic°(F/[/) = 
Alb(F/f/) = J. 

Theorem of Donagi-Markman. For any He U,\etX = Yr]H, F = F{X), a^ '■ 

■^F/z — ^^F ^h^ isomorphism, induced by az, and H^{(Th) : H^i^Mp/z) — ^H^{yL\p) the induced 
map on global sections. With natural identificatons H^{F,Mf/z) = T'[i?]Hilb(Z) = T^f]U and 
H'^{F,Q}p) = f^Aib(F)lo = ^j(x)lo; l^t 0" : Tu — >h^,fiJ,^ be the isomorphism obtained by the 
relativization of the construction of H^{(Th) over U . Then a satisfies the hypotheses of Lemma 



3?1|, and hence lifts to a unique symplectic structure ctj on J for which the fibers and the zero 



section of h are Lagrangian submanifolds. 

Our goal now is to identify a as the canonical isomorphism, constructed in Lemma |3.2| below. 



Let prj^, prg be the natural projections onto the two factors of P^ x f/, and 0{i, j) = pil Ofs (i) (g) 
pr*Op5(j). 

Lemma 3.2. There exist canonical isomorphisms 

K9}j/u = 7f*^^/u = R^ pr2* ^x/u = P^2* Cx(l, 1) = Tf/. 

Proof. The first two isomorphisms follow from the definitions of the intermediate Jacobian and 
of the Albanese variety, as well as the identification J = Alb(F/[/) mentioned above. The third 
one is a relative version of the tangent bundle formula for the intermediate Jacobian of a cubic 
3- fold. To prove it, write down the relative conormal bundle sequence of X C IT over U, taken 
to the third exteriour power and twisted by A/x/n: 

— >n^x/u — ^^n/t/ ®-^x/n — ^^x/t/ ®-^x/n — ^0. 
Applying i?* pr2^ and using the Bott formulae, we obtain the canonical isomorphism 

Pr2*(^x/i/ ® ATx/n) ^^ R" pr2* ^x/c/- (24) 

We have 7Vx/n = C>x(3, 0) = On(3, 0)|x, ^^/u = ^n/u ® A^c/n and un/u = On(-5, 1), so both 
sheaves in (^) are canonically isomorphic to pr2^ Ox{^, 1)- 

It is also well known that the incidence divisor 11 is identified with the projectivized cotangent 
bundle oi U: 11 = P(72)'), hence there are canonical isomorphisms Tj^ = pr2^0n/(7(l) = 
pr2,On(l,l) = pr2*Ox(l,l). 

D 
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The Clemens-Griffiths Tangent Bundle Theorem for the Fano surface F{X) of a cubic 3-fold 

X states, that there is an isomorphism Tf(^x) — '5g(i,p4)|f(x), where G{1,F") denotes the 
Grassmannian of lines in P*^ and iSg(i,P") the universal rank 2 vector bundle on it. We are going 
to relativize this result, in order to compute the sheaf ^y/v 

Let G = G'(1,P^), Sg the universal vector bundle, P^ <— ^ Tq — ^ G the universal family 
of lines together with its natural projections, Y < — F — > Z its restriction to the lines in Y, 
and X < — r — > F the relativization over U. Let Pi be the projection to the three factors of 
p5 X P5 X G, and 0{i,j, k) = plO{{) ® plO{i) ® plO{k). Denote by F„, F„, X„, H^ = P^ the 
fibers over m G f/ of F, F, X, resp. LI. 

Lemma 3.3. There is a canonical isomorphism 

Tf/c/ = (Ops(-1)K5g)|f, 

where the operation Kl yields a sheaf on the variety P^ x G, containing F in a natural way. 

Proof. The natural inclusions FcXx^FcHxjyF give the following exact sequences: 

— ^A/r/xx[/F — ^A/r/nxyF — ^A/xx^/F/nxyFlr — ^0, (25) 

— >Tr/F — >ipi X P2)*Tn/u\r — ^J^t/uxuF — ^0. 
We have Tt/f = (pi x PsYTrc/G- The Euler sequence 

0^O^g^Op5(l) ®p^5g— ^Tr^/G^O 

implies det Tt^/g = Qa^v^i^) ® Pg^g{—^)- We find successively the determinants: 
detTr/F = Cr(2,0,-1), det(pi x p2)*rn/c/|r = Or(5,-l,0), detA/'r/nx^F = C>r(3,-l,l), 
A/kxyF/nx^Flr = PiA/V/p5|r = Cr(3,0,0), detTVr/xxcF = C>r(0,-l,l). Dualizing (^ and 
tensoring by det A/r/xxyF? we obtain the exact triple 

0^Or(-3, -1, l)^Arr>,^p(0, -1, -l)^Arr/xx,F^O, 
which gives the canonical isomorphism 

pXr/xx,F ^^ R'p,Or{-3, -1, 1). 
As p*A/r/xx[/F = '^F/u and by relaive Serre duality, we obtain the canonical isomorphism 

rr/u = iP.Orii,i,o)r. 

The natural identification Sq = {PG*(lG^P^i^)y induces the canonical isomorphism 
(p*C'r(l, 1, 0))* = (0]p5(— 1) Kl iSg)|f, which implies the assertion of the lemma. 

D 
The next lemma relativizes the isomorphism Mp^/z — Sq\p^ coming from A/g(i,p4)/g{i,p5) = 

'5gIg{1,P4)- 

Lemma 3.4. There exist canonical isomorphisms 

■^F/PSxZ = C^psll) K1'5^|f = ^F/C/- 

Moreover, applying vr*, one obtains the isomorphism 

which coincides with that of Lemma \3.^ if one uses the natural identification tt^N'y/p^xz — '^^ 
following from the interpretation ofF/U as the universal family over the open set U C Hilb(Z). 
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Proof. One can represent F as the complete intersection cri^ D (U x Z), where 

o-ii = {(«,/) ef^ xG\lcHu} 

is the universal Schubert variety an over P^. It is the scheme of zeros of [qc x id)^{pG x id)*ro, 
where Tq G if°(P^ x P^, (9p5xp5(l, 1)) is the equation of H. As {qc x id)^^^ x id)*Cp5xip5(l, 1) = 
Of 5(1) K Sq, we have proved the first statement. 

The second one follows immediately from the Clemens- Welters computation of the differential 
of the Abel-Jacobi map (see Sect. 2 in ||We|| , or diagram (|42D in Sect. ^ below). D 



4. Symplectic structure on the Fano variety Z of the cubic 4-fold Y 

4.1. Construction of the symplectic structure. Let F, resp. F be the closure of F in 

P^ X G, resp. of F in P^ x P^ x G. 

We have the diagram of natural embeddings 

r X F C P^ X F 

U U (26) 

F C X Xp5 F C n Xps F 

Remark, that F and F are nonsingular of dimensions 7 and 8 respectively. This follows from 
the fact that F admits a natural smooth morphism onto Z with fibers P^, and F/F is smooth 
with fibers P^. Write down the exact sequence of normal bundles: 

> -^r/YxF ^ -^/P^xF ^ -^yxf/f^'xfIt ^ (27) 

Applying A^ and using the isomorphism ATyxF/psxpIr — ^r(3) 0, 0), we obtain the exact triple 

> AWr/yxF ' AWr/p5xF ' A/"r/yxF(3, 0, 0) > (28) 



Now, from the proof of Lemma P75| , it follows det A/j^/psxp — ^et A/j^/xx-gF^^et AyxF/pSxrlr — 
Cp(l, 0, 1), tUp/p = (9p(— 2, 0, 1). Using these formulas and twisting the last exact triple by 
Cp(— 3, 0, 0), we obtain: 

> ^f^^^^-0uJY^^ > AWr/p5xF(-3,0,0) > ^fT/YxF ' (29) 

Remark 4.2. Consider the commutative square 

F ^ r 

i p Ip (30) 



where k is the restriction to F of the natural projection P^ x P^ x G ^ P^ x C Then (^) is 
obtained by applying k* to the triple 

-^ ^f^/Yxz ® ^r/z -^ AWr/p5xz(-3, 0) ^ Mr/vxz ^ 0. (31) 
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For any point z eF, respectively, I E Z, we have A^A/j^/p5xf(~"3, 0, 0)|p "^(2;) ^ Ofi{—l] 
respectively, A^A/r/psxzl— 3, 0)|p~^(/) ~ (9pi(— 1)®^, so that the base change implies 



®6 



^V*(AWr/psxF(-3, 0, 0)) = 0, i?>,(AWr/p5,^(-3, 0)) = 0, z > 0, (32) 



Applying R^p^ to ( pT]) and, respectively, -R'p^ to ([29|), and using (|32|), relative Serre duality. 
Remark O and the isomorphism p^N'r/p^xz — "^Z, we obtain the isomorphisms 



A; 



and, respectively. 



K*A', 



TZ 



K*TZ 



Q, 



K*Q, 



(33) 



(34) 



Since, by | |B-D|| Z is an irreducible symplectic variety, the Bochner principle for irreducible 
symplectic manifolds implies that (^3|) is a symplectic form on Z. Thus we obtain an 
explicit construction of the symplectic structure on Z, which is stated in the following theorem: 



Theorem 4.3. The symplectic structure on Z is the connecting homomorphism ^33i) in the 
long exact sequence of the functors R'p^., associated to the exact triple ( [Ji|j . 



(35) 



Now recall that, by the results of the previous section, 

P^ATp/xx^F = TF/f/, p,Or(l, 1,0)= ATf/c/xz, 
By relative Serre duality, 

R^P.W/^x^Y ® ^r/F) = ^Y/u, R'p.iOril, 1, 0)^ ® uJr/F) = ^^y/uxz- (36) 

Thus, using (|35D, (|36D, ( |34D and applying B}p^ to (pQ]), we obtain the commutative diagram: 







TY/U 



•'^F/Uy.Z 



K,*TZ 

K*Az 



■^F/UxZ 



Q 



F/U 



-^ 



(37) 







By Theorem 4.3, Az is a symplectic form; besides, by construction, ctq is the isomorphism of 



Lemma 3.4. Thus we obtain 



Theorem 4.4. The commutative diagram p^ ^ is antiselfdual and the isomorphism ctq in this 
diagram coincides with the canonical isomorphism of Lemma \3^ 



k'Az 



In particular, the composition T¥/U -^ k*TZ "-^ k*VLz -^ ^y/u in this diagram is the zero 
map. This gives another proof of the result of Voisin []V| that Fano surfaces of hyperplane 
sections of Y are the Lagrangian subvarieties of the symplectic structure on Z. 



5. Relation between symplectic structures on dJly and Jy 

5.1. Codifferential of the Abel-Jacobi map. We recall here the following Clemens- Welters 
interpretation of the codifferential (i$^ of the Abel-Jacobi map $ : i? ^ J{X)i where B is the 
base of a certain family of curves on a smooth hyperplane section X = F fl P^ of the cubic Y 
(see |[We| , Sect. 2]). Let [C] be a point in B corresponding to a locally complete intersection 
(l.c.i.) curve C C X and let y = $(C). Applying A^ to the exact triple — >• Mx/^a -^ ^1>4\X — *• 



L-x ^ and twisting by Afx/F-^ = C^x(3), we obtain the exact triple 







Qj, 



fip4 ® A/'x/p4 -^ Ox(l) ^ 0. 



(3^ 
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Passing to the cohomology of this sequence, we obtain the coboundary isomorphism 

R: H\Ox{l)) ^ H\n\). (39) 

Remark that, by construction, R is the restriction to a fiber P'' of the isomorphism 
pr2^ Ox(l, 1) = ^^ pr2* ^x/c/ from Lemma |3^ . 

Next, the triple ( ^8]) restricted to C clearly fits into the commutative diagram 











n\\c 



-> \Lx Q:9Nc/x 



fi3 



-^ nL (g)A/V/p4|C 



i Ljp 



Oc{l) 



fi^®iVx/p4|C 











(40) 



Remark that, for a l.c.i. curve C C X, Q,x ® Nc/x = ujx ® Nc/x = oox ® det Nc/x ® ^c/x 
uc ® N^ix, so that by Serre duality H^iVt^ ® Nc/x) = H^{Nc/xY- 

Hence, passing to the cohomology in the bottom triple, we obtain the map 



Pc: H%Ocil)) 



H%N, 



c/x) 



(41) 



According to loc. cit., the codifferential (i<l>^|[(7] at the point [C] of the Abel-Jacobi map 
$ : 5 ^ J{X) makes the following diagram commutative: 



H'{Ox{l)) 

(8>Oc 

H\Oc{l)) 



R 



H\a 



Xj 



(42) 



-^ff»(^c/.)-"^f!i,,„ 



Now, as in Section ^, let U 



e P^|X = r n P^ is smooth}, h-.J-^Uand 



TX 



U the 



projections and a = n^cro : vr^Aip/psxzl^ ~^ ^*^F/ip5l^ ~ ^*^j/u ^^^ canonical isomorphism 
(see Lemmas |3]^ and |3.4|) . Take a point y G h^^{U) and let X = P^ fl y, where P^ = h{y). 
Remark that, by Lemma |3^ , there is a natural identification if°(Ox(l)) — ^*7r*A/'p/p5xzl?/- 
These isomorphisms together with (^2]) and the corresponding base change isomorphisms give 
the commutative diagram 



H'iOxil)) 



-^ h*n^Afp/p5xz\y 



R 



h*cr 



H\nl) c^ ^ij/u\y 



Q] 



h*hM^ 



j/u\y 



Here H^{Ox{^)) = h*TU\y and the isomorphism R globalizes to 



7^ : h*TU 



Q] 



j/u- 



(43) 



(44) 



Now consider the symplectic structure of Donagi-Markman Aj : TJ —>■ Qj induced on J via 
the symplectic structure Az on Z. Then putting together (^3]) and the right hand commutative 
square of (0), we obtain 
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Theorem 5.2. There is an antis elf dual commutative diagram, 



T3/U 
\l 



*oi 



h*n 



-^ TJ 

Aj \l 



-^ h*TU 

n \i 






-^ 



(45) 



5.3. Local lifts of Aj to 3Jt. Consider the open subset H' = {c E Hilb 

its projection p' 
|Ma-'l'i| 



projectively normal quintic } of Hilby", 



5n| 
Y I 



C is a smooth 

with its projection p' : H' ^ F^ : C i-»< C >. 

Ti! is an irreducible smooth open subset of 



Let Y be general enough, so that, by 

Hilb^, dimTi' = 15, p(H') is dense open in P^ and there exists a dense open subset U C 
P^, respectively, a dense open subset Ti of 7i', 7i C p'~ (f/), such that any X G f/ is a 
smooth hyperplane section of Y and p = p'\7i : Ti ^ U is a. smooth morphism of relative 
dimension 10. For any point C E7i, there exists a local analytic (or local in the etale topology) 
section of the projection p passing through C, i.e. an analytic (resp. etale) neighbourhood 
U 3 p{C) and a holomorphic (resp. regular) map s = Su : U —)■ TC such that s(U) 3 C. 
Let Hu = P~^{U), 3u = h-\U), Tlu = P"^(W), where p : 971 -^ P^ : ^ -^< Supp(^) > 
is the projection, and denote pu = p\mu- The section s defines a relative Abel-Jacobi map 
<l>s ■■ Hu ^ Ju ■■ C ^ <l>xAC), where $ x : p- \X) -^ J^ -. C ^ ^C - s{X)) is the 
usual Abel-Jacobi map, Jx = h^^{X). By [ Ma-'l'i| , Theorem 5.6] the map ^u h^'S the Stein 



factorization $, 



u 



^ 



u 



'X 



where 



t^w 



Hu -^ ^u is a smooth holomorphic map of relative 



dimension 5 and "^u '■ ^u ~^ Jw is an etale holomorphic map. 



Next, passing to A in the lower triple of (|45|) , we obtain the diagram 



h*Ql 



T 



ej 



rLom{h*TU, n\ 



^ ^2 ~^^ 02 



3/U 



-^ 



(46) 



3u/Ul 



Similarly we have on 971^/ 



16 



fu% 



VL 



2% 



ean 



n 



mx/u 



-* 0, 



(47) 



nomipi,Tu,nh^) 




and since "^u '■ ^u -^ Ju is etale, the diagram (|47|) can be obtained from 



13) = ^, 



u\ 



by applying -^If-. 

(48) 



Now let Aj G /f'^(fij) be the Donagi-Markman symplectic structure on J and Aj^ = Aj\Dytu 
its restriction to Ju, and let Agj^ = A\DJli(, where A is the Yoneda quasi-symplectic form 
introduced in Proposition |2Tl| above). By Proposition pTTI for any [S] G Wlu the vector space 
T[s]^u/^ C T[£]VJlu is isotropic w.r.t. Agj^, hence 



eOT(A9%) = 0. 



(49) 



By the same reason 



ej(AjJ = 0. 



(50) 



The conditions (^9[) and (|50D imply that Agr;^ G H^{Q), respectively, Aj^ G H^{T). Now prove 
that 



£(AaTi^) = ^;^^j(Aj, 



or equivalently, according to (^Sf ), that 



^(Am. - ^wAjJ 



(51) 
(52) 



To prove (|5l|) , take any £^ G OTt^^ and let y = \E'^([£^]), X = h{y). By virtue of the identifications 
T[£]mu/U = H\S ® S), PuTU\[e] = H°{Ox{l)) we have an isomorphism «A := e{A<,ji^)\[£] : 
//°(Cx(l)) -^ H\S ® ^)^. By Theorem ^ together with the identifications, TyJu/U = 
H\Qj^y, h*TU\y = H%Ox{l)) we have an isomorphism R = ej{AjJ\y : H%Ox{l)) ^ 
H^{Q'j^). Thus, by (142|), the equality ( pT]) is reduced to the commutativity of the diagram 



H\n 




^H\S®S)' 



(53) 



i7°(Ox(l)) 



i.e., after dualizing and using (^2]), to that of 
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H^{Arc/x)'^^^H\£0£) 



/3V 

where C is any curve in (f)^^{[S]). 



(54) 



(tlA)v 



By Lemma p.2| and ([ll|) , the last diagram is equivalent to 



d'S>x,s\[C]<^(rcs-'^) 



H\Mc/x{l)) 



(55) 



H\8 (^8)® H\Oxl)) ^^^ i/'(^ ® ^(1)), 
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where m is the ordinary multiplication, 5 the composition 5 : ilf°(A/'c/x(l)) -» -^^(2^cx(3)) 
H^(Xc,x{2) ^£) < — H^{£® £{!)), 6 the connecting map in the cohomology of the exact triple 

^ X^j^(3)) -^ Xcx(3)) -^ J^c/xi'^) -^ 0, and the isomorphisms 71, 72 are obtained from the 
triples 6 -^ Ox{l) -^ ^c,x{'2) ®S^ ^,xi^) ^0, 0^^^^® ^(1) -^ Xc,x(2) ® ^ ^ in 
using the equalities /i*((9x(l)) = 0, h\S) = 0, i = 1,2. The commutativity of (|55D is obvious. 
Hence, (0) follows. 

Denote Au,s = Aa% - ^^Aj^. From (H) and (H), it follows that Aw,s e H^ipl^n^). | Thus, we 
obtain the following theorem relating the quasi-symplectic structures Agjj^ and Aj^. 

Theorem 5.4. For t/ie data {U, s) specified above, there exists a 2-form Ku.s ^ H^iPu^u) ■^'wc/i 
that 



A 



a% 



^;:^Aj„ + Aw,. 



(56) 



5.5. Symplectic structure on OJl. Only at this point we will use the result of |P-Ma|| : 

Theorem 5.6. For any nonsingular cubic threefold X, the map ^ : Mx — >J^{X) is an open 
embedding. 



Proof. See Theorem 3.2 and Corollaries 3.3, 5.1 in |[ll-Ma|| 



D 



This theorem implies that the above maps "^u '■ "^u — ^^u defined by local sections su '■ U — >7i 
of p : Ti — >f/ are also open embeddings. Let {Ua}a&i be an open covering of U in the classiacal 
or etale topology such that there exist local sections Sa '■ Ua — >H of p, and let a a '■ Ua — >2)Tw 
be the corresponding sections of \1/. Then c = {o'ai3)a,i3<^ii where a^jj = a^ — Oa-, is a 1- 
cocycle of the covering {Wq} with values in the sheaf J of holomorphic (or regular) sections 
of J, and 971 is naturally identified with an open subset in the torsor J'^ constructed from c. 
The following lemma summarizes some easy facts about the relations between structures of 
Lagrangian fibrations on an abelian scheme and on its torsors. 

Lemma 5.7. Let B be a nonsingular variety of dimension n and f : A — >B a smooth family 
of connected commutative algebraic (or complex Lie) groups such that the generic fiber A^y is 
an abelian variety (or a compact complex torus) of dimension n. Let c be any cohomology class 
from H^{B,A) in the Stale (or classical) topology, and g : X = A'^ — >B the torsor constructed 
from c. 



^Clearly, the form Au^s depends on the choice of the section s : U 
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H. 



Then the following assertions hold: 

(i) Assume that X possesses a quasi- symplectic structure Ax such that g is a Lagrangian 
fibration with respect to Ax- Then A possesses also a quasi- symplectic structure Aa for 
which f is Lagrangian, and for any local section s : V — >X of g inducing the isomorphism 
is : Xv = g~^{V) ^^ Ay = f~^{V), there exists a 2-form uy G H'^iV.Vl?) such that 
Ax — i*s^A = g*^v on V. Say that such quasi- symplectic structures Ax.Aa are associated 
to each other. 

(ii) If AxiAa are associated quasi- symplectic structures, then any pair Ai^x ^ Ax + 
g*H^{B, fl'^), Ai^A G ^A + f*H^{B, Q'^) is also a pair of associated quasi- symplectic structures. 
Moreover, there always exists such a Ai^a which is symplectic. 

In particular, if H^{B,fl'^) = and if there exists a pair Ax, Aa of associated quasi- symplectic 
structures, then it is unique and Aa is in fact symplectic. 

Aa associated to a given Ax is also unique and symplectique if we impose the additional condi- 
tion that the restriction of A a to the section of neutral elements of the fibers of f is identically 0. 

(Hi) Conversely, assume that A possesses a quasi- symplectic structure Aa such that f is a 
Lagrangian fibration with respect to A a- Assume also that at least one of the following two 
conditions is verified: H^{B,Q'^) = 0, or c is of finite order. Then X has a quasi- symplectic 
structure Ax associated to Aa. In the case when c is of finite order. Ax can be chosen symplectic. 

(iv) In the algebraic category, H\^{B,A) is torsion, and any torsor with a quasi- symplectic 
Lagrangian structure has also a symplectic one. 



Proof. For (i), (ii) see Propositions 2.3, 2.6 in [|Ma|| . In fact, the assumptions of these proposi 



tions are formulated there for symplectic structures, but the proofs remain valid also for quasi- 
symplectic ones. Proposition 2.6 in loc. cit. treats the case of part (iii) when H^{B,Q^) = 0. 
We need to introduce some settings of this proof to explain the case when c is of finite order. 

For any b E B and for a sufficiently small neighborhood V of b, there exist local parameters 
ui, . . . ,Un on V and a local section sy of gy : Xy — ^V identifying Xy with Ay in such a way 
that Sy becomes the section e of neutral elements of the fibers of /. One can realize Ay as the 
quotient ^y/C of the cotangent bundle of \^ by a local system C generically of rank 2n. Let 
zi, . . . ,Zn be the coordinates on fi^^, dual to dui, . . . , dun- Then the restriction of A a to Ay 
can be written in the form 

Ax = y^ dup A dzp + /3, (3 = y^ Ppq{u)dup A duq. (57) 

p p,g 

Here P does not depend on z, as was proved in loc. cit. Let Ao,a = "^pdup A dzp = Ax — /3. 
The invariance of Ao,a under the translations by sections from C is equivalent to 

d{J2lpdup) = , (58) 

p 

where 7 = (71, . . . ,7„) is any local section of C. Hence we have also the invariance under 
translations by sections from Q^ C, and the finite order case follows. 

The part (iv) is obtained by the successive application of (i), (iii). D 

Now we can prove 

Theorem 5.8. There exists a symplectic structure Ajrrt on dJl such that the following two con- 
ditions are verified: 

(a) Agrrt — Agrrt € H^{U,p*Qfj), hence p is Lagrangian w. r. t. /\<xn, o-nd Agrjt also satisfies the 
conclusion of Theorem \5.^ . 
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(b) Agr»t extends to a symplectic structure Ajc associated to Aj. 

Proof. We are in the algebraic situation, so we can apply (iii) to construct a symplectic structure 
Ajc associated to the Donagi-Markman form Aj. Define Agrjj = Ajcl^jj, so that (b) is verified. 
The definition of the relation "associated" in (i) of Lemma |5.7| and Theorem p.4| imply also (a). 

D 

Remark 5.9. We conjecture that Aot is symplectic itself. 

Remark 5.10. The etale cohomology class c defining J'^ is of order 3, because one can send 
the curve 3C into J^(X), where CcX = ynifisa normal elliptic quintic, in a canonical 
way in using five times the plane section of Y as the reference curve for the definition of the 
Abel-Jacobi map. So, besides the trivial torsor J and J'^, there exists one more interesting 

2 

torsor J^ . What geometric interpretation can one give to this torsor? 

Remark 5.11. One can extend our construction to a bigger open set U, such that codimP^\t/ > 
2. We will have the same Theorems |5]^, |5]^ for the (quasi)-symplectic structures Aj, Aj^, 



Aggj. As H^iJJ.Vl?) = 0, the associated quasi-symplectic structures on the extended families 
h : J — >U, h : J — >U are unique and symplectic. 

Proof. Take for U the locus of hyperplanes H such that H HY has at most one nondegenerate 
double point as singularity. Any cubic X with only one isolated singular point contains a 
normal elliptic quintic curve which does not pass through the singular point. To see this, 
take a hyperplane section of X which is a nonsingular cubic surface S" C P^. It contains a 
5-dimensional linear system of quintics of arithmetic genus 1, and its generic member is a 
non-singular space elliptic curve C. By Lemma 2.7, c) in | [[Vla-'l'i|| , whose proof uses only the 



nonsingularity of X at points of S, we have hP^Mc/x) = 10, h^{N'c/x) = 0. Hence the Hilbert 
scheme of X is smooth of dimension 10 at [C]. The family of quintics of genus 1 in hypeplane 
sections of X being 9-dimensional, we see that C is deformable to a non-space curve, which is 
the wanted normal elliptic quintic. 

Define now Mx to be the subset in the moduli space of sheaves on X consisting of the vector 
bundles of rank 2 obtained by Serre's construction from all the normal elliptic quintics in X that 
do not pass through the singular point of X, and 971 the union of the Mx over all X = Y D H 
with H G U. All our proofs concerning the dimension, the nonsingularity of Mx, 971, as well as 
the definition and the proof of the nondegeneracy of Agrn work without any modification with 
971 in place of 971 for all H E U . Thus we obtain the Yoneda quasi-symplectic structure A^ 
onM. 



Donagi-Markman [ p-lVI] , Example 8.22] remark that their symplectic structure extends to a 



2-form Aj on the generalized relative intermediate Jacobian h : J — >U . They write that it is 
not difficult to see that it is nondegenerate over the boundary. This also follows easily from 
our setting. 

Indeed, the nondegeneracy of A^ implies that the vertical tangent bundle of 971 is isomorphic 
to Vt^, hence its associated group scheme J is isomorphic to Q^/C, as in the proof of Lemma 
ISTT] . The standard symplectic structure of the cotangent bundle of U descends to the quotient 
by C over U, hence also over U, as the descent condition (|58|) extends by continuity. Thus we 
obtain a symplectic structure Aj on J. As the restrictions of Aj, Aj to U are associated to 
the same quasi-symplectic structure on J'^, they differ by a lift of a 2-form on U. Hence they 
define the same isomorphism between Q^ and l-jm over U, which is the identity one for Aj. 

By continuity, this holds also over U. Hence Aj is nondegenerate. As H^{U, ^2^) = 0, we have 
the uniqueness over U, hence Aj = Aj. 

20 



The extension of Theorem ^]4| follows trivially from the following observation: if the regular 
section A^^j— ^^^Aj of the vector bundle Q^ over U belongs to the vector subbundle p*^jj over 
U nU, then it does over the whole of W. D 
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